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We investigate the relationship between two kinds of ground-state local convertibility and quantum phase
transitions in XY model. The local operations and classical communications (LOCC) convertibility is exam-
ined by the majorization relations and the entanglement-assisted local operations and classical communications
(ELOCC) via Re´nyi entropy interception. In the phase diagram of XY model, LOCC convertibility and ELOCC
convertibility of ground-states are presented and compared. It is shown that different phases in the phase dia-
gram of XY model can have different LOCC or ELOCC convertibility, which can be used to detect the quantum
phase transition. This study will enlighten extensive studies of quantum phase transitions from the perspective
of local convertibility, e.g., finite-temperature phase transitions and other quantum many-body models.
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I. INTRODUCTION
Many developments in quantum information processing
(QIP) [1] unveiling the rich structure of quantum states and the
nature of entanglement have offered many insights into quan-
tum many-body physics [2]. Because the ground-state wave-
function undergoes qualitative changes at a quantum phase
transition, it is important to understand how its genuine quan-
tum aspects evolve throughout the transition [3]. Many al-
ternative indictors of quantum phase transitions, for example,
entanglements measured by concurrence [3], negativity [4],
geometric entanglement [5], and von Neumann entropy [6, 7]
have been investigated in several critical systems, which have
become a focus of attention in detecting a number of criti-
cal points. From the viewpoint of quantum correlations, mu-
tual information [8], quantum discord [9] and global quantum
discord [10–12] have been used for detecting quantum phase
transitions. There are investigations on entanglement spectra
[13–15] and fidelity [16] showing their abilities in exploring
numerous phase transition points in various critical systems as
well.
With the concepts of QIP, these studies have achieved great
success in understanding the deep nature of the different phase
transitions. The reverse, however, is still unclear and de-
serves further investigations. Recently, from a new point of
view, Cui et al. find that the systems undergoing quantum
phase transition will also show different operational proper-
ties from the perspective of QIP both analytically [17] and
numerically [18, 19]. For several models, they reveal that the
entanglement-assisted local operations and classical commu-
nications (ELOCC) convertibility decided by the Re´nyi en-
tropy [20] suddenly changes nearly at the critical point. In
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Ref. [21], the local operations and classical communications
(LOCC) convertibility decided by the majorization relation
[22] has also been investigated in the one-dimensional trans-
verse field Ising model [23]. These significant results suggest
that not only are the methods of QIP useful as alternative sig-
natures of quantum phase transitions, but also the study of
quantum phase transitions can offer interesting insight into
QIP.
In this paper, we study the relationship between two kinds
of ground-state local convertibility and quantum phase transi-
tions in XY model. The majorization relation studied here is
necessary and sufficient for the LOCC convertibility [22] and
Re´nyi entropy interception is a necessary and sufficient condi-
tion for the ELOCC convertibility [24]. In the phase diagram
of XY model, LOCC convertibility and ELOCC convertibil-
ity of ground-states are presented and compared. Since the
one-dimensional transverse field Ising model can be seen as
a special case of our model, we promote and widen the re-
sults in previous literature. It is shown that different phases in
the phase diagram of XY model can have different LOCC or
ELOCC convertibility and both of them changes around the
phase transition point, which have successfully help us under-
stand the deep nature of the different phases in XY model.
On the contrary, it will also benefit many applications such
as to detect the quantum phase transition and to estimate the
computational power of different phases in quantum critical
systems [19].
II. CRITERIONS FOR LOCC AND ELOCC
CONVERTIBILITY
As in Ref. [19], we consider a system with an adjustable
external parameter h, which partitioned into two parties, Alice
and Bob, and operated by ELOCC or LOCC. Let |G(g)〉AB
be the ground state of the system when the parameter is set
as h. Given the infinitesimal ∆, the necessary and sufficient
condition for ELOCC between |G(h)〉AB and |G(h+ ∆)〉AB
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2is given by the inequality Sα(ρA(h)) ≥ Sα(ρA(h + ∆)) for
all values of α, where Sα(ρA) is the Re´nyi entropy of the
reduced state of Alice ρA = TrB(|G(h)〉AB〈G(h)|) (called
the entanglement Re´nyi entropy of |G(h)〉AB) defined as [20]
Sα(ρA(h)) =
1
1− α log2[TrρA(h)
α]. (1)
When α → 1, the Re´nyi entropy tends to the von Neumann
entropy. In brief, there are two different behaviors for en-
tanglement Re´nyi entropies of two states neighboring states
|G(h)〉AB and |G(h + ∆)〉AB . The transverse field Ising
model with critical point h = 1 is illustrated as an example
in Fig. 1: (a) If entanglement Re´nyi entropies are crossing,
those two states can not be locally transferred to each other by
ELOCC; (b) If there is no crossing, a state with higher entan-
glement can be locally transferred to the lower entanglement
one by ELOCC [18]. These results can be applied to study the
quantum critical phenomena, i.e. when a quantum phase tran-
sition occurs, the local transformation property of the ground
state wave function changes as well as the different quantum
phases boundaries can be determined by the behavior of en-
tanglement Re´nyi entropies of ground states [18, 19]. Refer-
ring the scaling analysis in Ref. [18] phase transition point
obtained by this proposal tends to 0.9940.
On the other hand, the majorization relations provide a nec-
essary and sufficient condition for the LOCC convertibility.
Using the Schmidt decomposition theorem [25], the ground
state can be written as |G(h)〉AB =
∑d
k=1
√
λkh|k〉A|k〉B .
Then, we have that if and only if the majorization relations
fl(h+ ∆) ≡
l∑
k=1
λkh+∆ ≥
l∑
k=1
λkh ≡ fl(h) (2)
are satisfied for all 1 ≤ l ≤ d (expressed as λh+∆  λh,
state |G(h + ∆)〉 can be transformed with 100% probability
of success to |G(h)〉 by LOCC. Otherwise, these two states are
incomparable, i.e., |G(h+ ∆)〉 cannot be converted to |G(h)〉
by LOCC, and vice versa. In Ref. [21], it provides a clear de-
scription of the local convertibility of the ground states of the
transverse field Ising model: in the region 0 < h < 0.9940
within the ferromagnetic phase, neither LOCC nor ELOCC
convertibility exist; in the region h > 1.1318 within the para-
magnetic phase, both LOCC and ELOCC convertibility exist;
and in the small interval 0.994 < h < 1.1318 around the
critical point h = 1, merely the ELOCC convertibility exists.
III. LOCAL CONVERTIBILITY OF GROUND STATES OF
XY MODEL
Next, given the XY model [26] in the zero-temperature
case, we use majorization relation and Re´nyi entropy inter-
ception to study the relationship between two kinds of local
convertibility and quantum phase transitions. The Hamilto-
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FIG. 1: (color online). The entanglement Re´nyi entropy for the
ground state of the transverse field Ising model versus α. The Re´nyi
entropies are intercepted as (a) h ≤ 1, while they are non-intercepted
as (b) h ≥ 1, which gives a physical significance to QIP from quan-
tum transitions.
nian of our model is as follows [12]:
H = −
L−1∑
i=0
[
1
2
(1 + γ)σˆxi σˆ
x
i+1 +
1
2
(1− γ)σˆyi σˆyi+1 + hσˆzi
]
(3)
with L being the number of spins in the chain, σˆmi the ith
spin Pauli operator in the direction m = x, y, z and periodic
boundary conditions assumed. The XX model and transverse
field Ising model thus correspond to the special cases for this
general class of models. For the case that γ → 0, our model
reduces to XX model. When γ = 1, the model reduces to
transverse field Ising model [23]. For h = 1, a second-order
quantum phase transition takes place for any 0 ≤ γ ≤ 1. In
fact, there exists additional structure of interest in phase space
beyond the breaking of phase flip symmetry at h = 1. It’s
worth noting that there exists a circle boundary between Phase
1A and Phase 1B, h2 + γ2 = 1, on which the ground state is
fully separable. According to the previous literature, this cir-
cle can be seen as a boundary between two differing phases
which are characterized by the presence and absence of paral-
lel entanglement [27–30]. In fact, for each fixed γ, the system
is only locally non-convertible when h2 + γ2 > 1. Now we
can divide the system into three separate phases, Phase 1A,
Phase 1B and Phase 2, where the ferromagnetic region is now
divided into two phases defined by their differential local con-
vertibility. These results are summarized in “phase-diagram”
Fig. 3(a).
We study the ground states of this model for different sys-
tem sizes with the field parameter h varying from 0 to 1.5. The
ground states labeled as |G (h)〉AB are obtained by exactly di-
agonalizing the whole Hamiltonian (3). This proposal is also
worth further investigations by other numerical methods such
as the Lanczos algorithm and density matrix renormalization
group (DMRG), which are not included in this work.
A. ELOCC convertibility via entanglement Re´nyi entropy
Using this method mentioned in Sec. II, we provide a phase
diagram which describes the ELOCC convertibility for dif-
ferent phases in XY model. We consider the case that Alice
shared a reduced system of two spins.
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FIG. 2: (color online). The sign distribution of ∂hSα(ρA(h)) with Alice having a 2-spin system in XY model for different system size L and
parameter γ against α and the adjustable external parameter h. The green (dark) areas represent the sign to be negative and the yellow (light)
areas indicate positive. In (a-d) the system size is L = 8, and (e-h) show the case that the system size is L = 15. Note that the transition
between Phase 1A and 2 occurs at h = 1, and the transition between Phase 1A and 1B occurs at h = 0.25 for γ =
√
15/4 [see (b) and (f)],
h = 0.5 for γ =
√
3/2 [see (c) and (g)], and h = 0.75 for γ =
√
7/4 [see (d) and (h)].
In Fig. 3(b), for a system size L = 15, we have two
different regions that indicate different ELOCC convertibil-
ity. In the yellow (light) areas, the sign of ∂hSα(ρA(h))
is negative for all α, that is, the two states |G(h)〉AB and
|G(h + ∆)〉AB can be converted to each other by ELOCC.
In the red (dark) areas, the sign of ∂hSα(ρA(h)) is positive
for all α, there is no ELOCC convertibility in these regions.
Similar as Fig. 2(e) and 2(f), the obscure areas in Fig. 3(b)
reflect the level-crossings that redefine the ground state of the
system (which are evident from the spectrum of the model).
Comparing Fig. 3(a) and Fig. 3(b), it is obvious that some
boundaries between yellow (light) area and red (dark) area can
be used to detect the critical line for different phases. Specif-
ically, in Phase 1A, the ELOCC convertibility does not ex-
ist; in some area of Phase 1B and the entire area of Phase 2,
the ground states |G (h)〉AB and |G (h+ ∆)〉AB can be con-
verted to each other by ELOCC. Therefore, the phase transi-
tion between Phase 1A and Phase 2 and the one between Phase
1A and Phase 1B can be described precisely by the ELOCC
convertibility via entanglement Re´nyi entropy.
B. LOCC convertibility via majorization relation
For the same case that the reduced system shared by Alice
has two spins, we only need to consider three largest eigen-
values of the reduced states of any two neighboring spins as
λ1 (h), λ2 (h), and λ3 (h) in descending order. To detect the
majorization relations between two ground states |G (h)〉AB
and |G (h+ ∆)〉AB given some infinitesimal ∆, we should
judge the monotonicities of three functions for the field pa-
rameter f1(h), f2(h) and f3(h) defined in Eq. (2). Thus,
three cases will be met: (i) when monotonicities of these three
functions are all non-increasing, |G (h+ ∆)〉AB can be con-
verted to |G (h)〉AB by LOCC with 100% certainty; (ii) when
monotonicities of these three functions all are non-decreasing,
|G (h)〉AB can be converted to |G (h+ ∆)〉AB by LOCC with
100% certainty; (iii) except for these two cases, no state can
be converted to the other via LOCC with certainty. For ease
of comparison with ELOCC convertibility, We only show in
Fig. 3(c) either the case (ii) or other two cases.
Using the method mentioned above, we can also provide
a phase diagram describing the LOCC convertibility for dif-
ferent phase in XY model. In Fig. 3(c), for system sizes
N = 15, we have shown two different regions. In the yellow
(light) area, |G (h+ ∆)〉AB can be transformed to |G (h)〉AB
by LOCC with 100% probability of success; whilst, in the
red (dark) area, |G (h+ ∆)〉AB can not be transformed to
|G (h)〉AB by LOCC with certainty. We should stress that
in few parts of red (dark) area in Phase 1A, |G (h)〉AB can
be transformed to |G (h+ ∆)〉AB by LOCC with certainty,
which is not shown in Fig. 3(c). It is worth noting that in the
region g < 0.5, we can see an obscure area, which reflects
the level-crossings redefining the ground state of the system.
In the XY model, there are three phases, Phase 1A, Phase 1B
and Phase 2 as shown in Fig. 3(a). From Fig. 3(c), in Phase
1A, no majorization relations can be fulfilled, |G (h+ ∆)〉AB
and |G (h)〉AB can not be converted to each other by LOCC.
However, in Phase 1B and Phase 2, there are two areas which
have different LOCC convertibility, which have richer and
more complex features of LOCC convertibility than those of
ELOCC. Similarly, we can use the dividing line between red
4Phase 1A
Phase 1B Phase 2
(a) (b) (c)
FIG. 3: (color online). (a) Phase diagram of XY model. XY model has three different quantum phases: Phase 1A, Phase 1B and Phase 2. (b)
ELOCC convertibility via Re´nyi entropy of ground states of XY model. In yellow (light) area, the sign of ∂hSα(ρA(h)) is negative for all
α which indicates that |G (h+ ∆)〉AB can be transformed to |G (h)〉AB by ELOCC with 100% probability of success. The red (dark) areas
are for other cases. (c) LOCC convertibility via majorization of ground states of XY model. In yellow (light) area, |G (h+ ∆)〉AB can be
transformed to |G (h)〉AB by LOCC with 100% probability of success; whilst, in the red (dark) area, |G (h+ ∆)〉AB can not be transformed
to |G (h)〉AB by LOCC with certainty.
(dark) and yellow (light) areas with different LOCC convert-
ibility to detect the critical line between Phase 1A and Phase
1B precisely. As the increase of the system size L, our re-
sult can be shown to get better using the scaling analysis on
the critical point from LOCC convertibility [21] and ELOCC
convertibility [18] to get rid of the finite-size effect.
Comparing the result with the ELOCC method, we can
see that the ELOCC method is superior to LOCC metohd
for detecting the critical line between two different quantum
phases. In order to detect the phase transitions in our model,
the ELOCC method is more accurate than LOCC method in
the XY model as well as in the one-dimensional transverse
field Ising model [21]. Moreover, we should note that if the
LOCC convertibility exists, the ELOCC convertibility must
exist. That is, in different phases of quantum critical systems,
various and complicated local conversion can be expected,
will benefit many applications such as to estimate the com-
putational power of different phases.
To get rid of the finite-size effect, we give a scaling analysis
of the critical points h(2)c (L) of the second-order phase tran-
sition detected by the ELOCC convertibility for γ =
√
3/2
in Fig. 4. With the exponential fitting, it is shown that for
infinitely large size L → ∞ and γ = √3/2, the ELOCC
convertibility changes at h(2)c = 1.0273, which detects the
second-order phase transition of the XY model. For the first-
order phase transition of the XY model, the ELOCC convert-
ibility changes at exactly h(1)c = 0.5 for all sizes. The scaling
analysis of critical points detected by the LOCC convertibility
can be found in Ref. [21].
IV. CONCLUSION
In conclusion, we have investigated the relationship be-
tween local convertibility of ground states and quantum phase
transitions in XY model. We study the LOCC convertibil-
ity by examining the majorization relations and the ELOCC
convertibility via Re´nyi entropy interception. It shows that
the boundary of areas which have different LOCC or ELOCC
convertibility can be used to detect the critical line for differ-
ent phases. In Phase 1A, both the LOCC and ELOCC con-
vertibility do not exist. In Phase 1B, the situation is slightly
more complicated. There are two areas which has different
LOCC convertibility. In most area of Phase 1B, the ELOCC
convertibility exists. In Phase 2, there is no LOCC convert-
ibility in the area that nearly the critical point. In the remain-
ing area, both the LOCC and ELOCC convertibility exist. It
is obvious that if the LOCC convertibility exists, the ELOCC
convertibility must exist. We believe that our method should
be applicable in other systems similar as in the XY model.
The LOCC proposal in detecting quantum phase transition can
play a complementary role to the ELOCC method, which will
help to exploit the rich features of local conversion of ground
states of quantum critical systems. This study will enlighten
extensive studies of quantum phase transitions from the per-
spective of local convertibility, e.g., finite-temperature phase
transitions and other quantum many-body models.
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FIG. 4: (color online). Finite-size scaling analysis of the the critical
points h(1)c (L) of the second-order phase transition of XY model by
the ELOCC convertibility for γ =
√
3/2.
5and Shuai Cui for their valuable discussions. This work was
supported by the NSFC (Grant Nos. 11175248, 11375141,
11425522, 11434013), the grant from Chinese Academy of
Sciences (XDB01010000).
[1] C. H. Bennett, Phys. Today 48, 24 (1995).
[2] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Rev. Mod.
Phys. 80, 517 (2008).
[3] A. Osterloh, L. Amico, G. Falici, and R. Fazio, Nature 416, 608
(2002).
[4] L. A. Wu, M. S. Sarandy, and D. A. Lidar, Phys. Rev. Lett. 93,
250404 (2004).
[5] R. Oru´s and T. C. Wei, Phys. Rev. B 82, 155120 (2010).
[6] G. Vidal et al., Phys. Rev. Lett. 90, 227902 (2003).
[7] T. J. Osborne and M. A. Nielsen, Phys. Rev. A 66, 032110
(2002).
[8] J. Cui, J. P. Cao, and H. Fan, Phys. Rev. A 82, 022319 (2010).
[9] R. Dillenschneider, Phys. Rev. B 78, 224413 (2008).
[10] S. Campbell et al., New J. Phys. 15, 043033 (2013).
[11] S. Y. Liu, Y. R. Zhang, L. M. Zhao, W. L. Yang, H. Fan, Ann.
Phys. 348, 256 (2014)
[12] S. Y. Liu, Y. R. Zhang, W. L. Yang, and H. Fan, arXiv: 1405.
4965v1, Ann. Phys. accepted.
[13] H. Li and F. D. M. Haldane, Phys. Rev. Lett. 101, 010504
(2008).
[14] H. Yao and X. L. Qi, Phys. Rev. Lett. 105, 080501 (2010).
[15] S. T. Flammia et al., Phys. Rev. Lett. 103, 261601 (2009).
[16] H. T. Quan et al., Phys. Rev. Lett. 96, 140604 (2006).
[17] F. Franchini, J. Cui, L. Amico, H. Fan, M. Gu, V. E. Korepin,
L. C. Kwek, V. Vedral, Phys. Rev. X 4, 041028 (2014).
[18] J. Cui, J. P. Cao, and H. Fan, Phys. Rev. A 85, 022338 (2012).
[19] J. Cui, M. Gu, L. C. Kwek, M. F. Santos, H. Fan, and V. Vedral,
Nat. Commun. 3, 812 (2012).
[20] A. Re´nyi, Proceedings of the 4th Berkeley Symposium on
Mathematical Statistics and Probability (Berkeley: University
of California Press) vol 1, p 547 (1961).
[21] L. P. Huai, Y. R. Zhang, S. Y. Liu, W. L. Yang, S. X. Qu, and H.
Fan, Chin. Phys. Lett. 31, 076401 (2014).
[22] M. A. Nielson, Phys. Rev. Lett. 83, 436 (1999).
[23] P. Pfeuty, Ann. Phys. 57, 79 (1970).
[24] D. Jonathan and M. Plenio, Phys. Rev. Lett. 83, 3566 (1999).
[25] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press, Cam-
bridge, 2000).
[26] V. Mukherjee, U. Divakaran, A. Dutta, and D. Sen, Phys. Rev. B
76, 174303 (2007); S. Garnerone, N. T. Jacobson, S. Haas, and
P. Zanardi, Phys. Rev. Lett. 102, 057205 (2009); F. Franchini,
A. R. Its, and V. E. Korepin, J. Phys. A 41, 025302 (2008).
[27] E. Barouch and B. M. McCoy, Phys. Rev. A 3, 786 (1971).
[28] F. Franchini, A. R. Its, V. E. Korepin, and L. A. Takhtajan,
Quant. Inf. Process. 10, 325–341 (2011).
[29] T. C. Wei et al., Quant. Inf. Comput. 11, 0326–0354 (2011).
[30] L. Amico et al., Phys. Rev. A 74, 022322 (2006).
